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Relevance of the topic

Moment closure approximation is a mathematical technique used to simplify complex
dynamical systems by reducing an infinite or high-dimensional set of equations to a
manageable size, which may allow obtaining analytical equations that approximately predict
the dynamics of the stochastic system by estimating the changes of different moments of its
variables over time. The core idea is to express different orders of moments and their
changes with the moments of other orders, thus obtaining a closed set of equations. If we
model the system as discrete time, this set contains ordinary iterative equations, if we model
it as continuous time, it will consist of ordinary differential equations. This system of
stochastic equations then becomes solvable and tractable after higher orders are ignored,
thus, closing the system of equations. The question of which orders will be ignored highly
depends on the specifics of the problem. If the setup is such that the distribution of variables
under discussion is close to gaussian, we may successfully approximate the system with two
moments, if there is a skewness in distributions, we may need three moments, and if the
distribution has fatter tails, we may even need higher order moments.

In many stochastic models, each moment (a statistical measure of the system’s state) evolves
in time and is coupled to other moments, both lower and higher in the most general case.
Without approximation, this leads to an endless hierarchy of equations. Moment closure
provides an educated guess or formula to truncate this hierarchy, thereby obtaining a finite
set of equations that can be analyzed or solved. This approach is crucial in mathematical
modeling because many real-world systems are too large or complex to handle exactly. By
using approximations, we can capture the essential behavior of these systems without
simulating every detail. In summary, moment closure approximations make it possible to
analyze complex biological and artificial systems in an analytical way, giving a framework
analyze the system without exhaustive simulations. Such approximations are important in
complex dynamical systems, as they provide a balanced approach integrating empirical
insights and theoretical modeling, allowing researchers to gain insights that might otherwise
remain hidden in those complex models.

Relevance to population genetics: In this thesis moment closure approximation
has been used as a novel tool in evolutionary biology for modeling dynamics in
finite populations where stochastic effects are significant. The quasispecies theory
(infinite population size Eigen and Crow-Kimura models) is popular to describe
both virus evolution, as well as it is one of the key models of interdisciplinary
research, from the virus and cancer to the artificial intelligence [1, 2].

We solve exactly a series of models, related to the mutator phenomenon. In many
classic models such as Eigen or Crow-Kimura an infinitely large population is
assumed to simplify analysis, leading to deterministic equations. Moment closure
relaxes this assumption by capturing random drift and fluctuations without needing
an intractable full stochastic simulation. The key idea is to truncate the hierarchy of
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equations for the distribution’s moments, focusing on the first few (such as mean
and variance) to obtain a closed system. This yields approximate equations for
quantities like mean fitness or allele frequency that remain accurate for finite
populations,

Using this approach, we can investigate different phenomena that arise in some
models of evolutionary dynamics under more realistic conditions. Important factors
like mutation rates and recombination are naturally incorporated as
hyperparameters that influence the low-order moments of the population’s state.
For example, in the thesis a moment closure method was applied to the Wright-
Fisher model[3] and a finite-population Crow—Kimura model (a quasispecies-type
genetics model) with a single-peak fitness landscape[5]. This allowed calculation
of finite-population corrections (e.g. to mean fitness) that earlier infinite-population
methods could not capture. In general, moment closure provides a way to quantify
how random genetic drift interacts with selection and mutation, offering analytical
insight into stochastic evolutionary outcomes that would otherwise require
intensive simulations.

One notable outcome of the method is the approximation of fixation probabilities
in finite populations under the Wright-Fisher model of population genetics. The
fixation probability is the chance that a new mutant allele eventually takes over the
entire population. Moment closure techniques can accurately approximate this
probability across different regimes, effectively bridging the gap between classical
infinite-population predictions and the realitics of finite, random drift. By obtaining
corrections to quantities like mean fitness and fixation likelihoods, the moment
closure approximation enriches our understanding of evolutionary dynamics in
finite populations and complements more exact (but less tractable) stochastic
formulations [4].

Relevance to evolutionary game theory: Evolutionary game theory extends
population biology concepts to situations where fitness is frequency-dependent —
an individual’s success depends on interactions (strategies) within the population.
In these models, the payoff (fitness) of a strategy changes with its frequency, and
classical deterministic approaches lead to the replicator equation for infinite
populations. Moment closure approximation proves valuable here by enabling
tractable analysis of the stochastic Moran process, a finite-population birth—death
model of evolutionary games. Researchers often formulate evolutionary games in
finite populations first (capturing randomness in reproduction and death events),
and then consider the infinite-population limit for average behavior. The moment
closure method allows one to derive equations for the mean frequency of strategies
and their variance in the finite setting, providing insight before taking that infinite
limit.

A central concept in evolutionary game dynamics is the fixation probability of a
strategy — for instance, the probability that a single mutant strategy will eventually
take over a population of individuals playing another strategy. This is analogous to
fixation of a mutant allele in genetics, and evolutionary games in finite populations
also exhibit such fixation phenomena. Using moment closure, the thesis derived a

second order analytical approximations for the mean number of individuals playing

each strategy over time, as well as the probability that a given strategy fixates,

under the Moran process dynamics [4]. The method computes second-order

corrections to the replicator equation (which describes an infinite population’s

average behavior) by accounting for finite-population variance. In practical terms,

this means we can estimate how likely a strategic behavior is to dominate purely

due to stochastic effects, and how the population state fluctuates around the

deterministic prediction.

These results have important implications for modeling strategic interactions in

finite populations. They show how random drift and finite size can alter the

evolutionary outcome of games compared to ideal infinite scenarios. In the thesis,

the moment closure-derived strategy dynamics were cross-validated using an
independent Hamilton—Jacobi approach, confirming their accuracy. Notably, this

was the first application of moment closure techniques in evolutionary game

theory, demonstrating high accuracy in capturing the stochastic fixation behavior
of strategies. By providing a way to calculate fixation probabilities and trajectory
variances, the approach deepens our understanding of frequency-dependent
selection in fields ranging from biology to economics. It highlights the broad
relevance of moment closure in any domain where game-theoretic interactions are
subject to random fluctuations due to finite agent numbers.

Relevance to artificial intelligence and Hebbian learning: Beyond biology,
moment closure approximation has been applied in artificial intelligence,
particularly to understand learning dynamics in neural networks. Hebbian learning
is an unsupervised learning principle inspired by neurobiology, often summarized
as “cells that fire together, wire together.” It posits that synaptic connections
between neurons strengthen when the neurons are active simultaneously. Unlike
backpropagation-based learning, Hebbian learning does not require labeled data or
an explicit loss function — it is considered a biologically plausible mechanism by
which the brain might self-organize to detect patterns. This makes Hebbian models
attractive for tasks like pattern recognition, memory modeling, and dimensionality
reduction. However, a well-known challenge in basic Hebbian learning rules is
unbounded growth of synaptic weights (instability), which requires modifications
to keep the system stable.

Oja’s rfle is a prominent Hebbian learning model that addresses this instability[6].
It modifies Hebb’s rule by normalizing the weight vector, achieved by adding a
negative second order regularization term to the update rule: wi(t+ 1) = w;(t) +
alx;(Oy — y?w;i(D)]. Tt effectively performs a form of principal component
analysis (PCA) on the inputs: the network learns a lower dimensional projection
that retains maximal input variance.

In the thesis, moment closure approximation was applied to analyze the stochastic
dynamics of Oja’s rule in a neural network. By focusing on the first two moments
(mean and variance) of the synaptic weight distribution, the analysis derived a
closed-form relationship linking the learning parameters to the system’s behavior.
In particular, a formula was established that connects the steady-state variance of



the synaptic weights to the network’s learning rate (for a given data distribution),
using moment equations instead of tracking the full weight distribution. This result,
validated by simulations, showed explicitly that higher learning rates lead to larger
weight variance at equilibrium. In other words, there is a quantitative trade-off:
making the learning rate large speeds up learning but also increases the
randomness (variability) in the learned weights, which reflects reduced stability.
These findings have practical significance for machine learning algorithms inspired
by Hebbian principles. Because Hebbian learning lacks an objective loss function,
one cannot directly apply standard adaptive learning-rate schedulers that are
common in backpropagation-based networks. The moment closure analysis
provides an alternative guideline: by understanding how the learning rate affects
outcome variance, one can tune this parameter to ensure stable convergence of the
network. For example, if the derived formula predicts that a certain learning rate
will blow up the weight variance, one might choose a smaller rate to keep the
network in a stable regime. This insight suggests the possibility of designing
adaptive learning-rate schedules for Hebbian or PCA-like networks grounded in
moment-based variance analysis. Indeed, the thesis proposes that adjusting learning
rates based on the variance of synaptic weights (as calculated via a rolling window)
could help maintain stability in Hebbian-inspired neural systems. Such an approach
is analogous to how learning rate schedulers are used in deep learning, but tailored
to unsupervised, self-organizing models.

More broadly, the success of moment closure in analyzing Oja’s rule illustrates its
utility in AL It shows that techniques originally developed for population biology
can shed light on the dynamics of learning algorithms. In fact, other researchers
have applied moment closure methods to reinforcement learning problems as well
— for instance, to analyze stochastic multi-agent Q-learning and bandit algorithms,
proving that these learning processes can reach a steady state with finite variance.
The cross-disciplinary application to Hebbian learning in the thesis further
confirms that moment closure approximation is a versatile tool. It enables Al
researchers to derive analytical results (like variance formulas or stability criteria)
for complex adaptive systems, much as it enables biologists to solve for gene
frequency dynamics in finite populations.

Additionally, this approach has relevance for autonomous robotics research, as the
windy-gridworld serves as a prototypical environment for exploring how agents
adapt to varying and uncertain conditions. By using the moment closure to
approximate higher-order effects, we were able to realistically model real-world
challenges such as unpredictable wind gusts and the movement of an agent in such
environments[7].

Aim of the work

The thesis proposes a novel approximation technique by specifying the approach in
previously more loosely defined moment closure approximation that is particularly helpful in

stochastic Markov processes studied in the thesis. The identified objectives around which
significant results were achieved are the following:

e Developing a versatile moment closure method for analyzing stochastic dynamics
in finite-population evolutionary models.

e  Bridging finite and infinite population approaches by deriving corrections to
classic deterministic models and validating them numerically.

e Extending the approximation to evolutionary games, capturing fixation
probabilities under frequency-dependent selection.

o  Applying the developed method to Al particularly Hebbian learning (Oja’s rule),
to study weight variance and stability in unsupervised models.

Highlighting interdisciplinary potential, demonstrating how a single mathematical framework
can inform both biological and machine learning research.

The practical significance of the work

The results presented in this thesis have potential applications in diverse areas of both
theoretical and applied research. On the evolutionary side, moment closure approximation
can help develop more precise genetic algorithms by modeling stochastic effects and finite-
population corrections, which are often neglected in classic large-population assumptions.
These refined algorithms can be beneficial in problems such as industrial optimization, drug
discovery, and bioinformatics, where adaptive search strategies must account for random
drift or strong selection.

In evolutionary game theory, the approach clarifies how strategies may fixate under realistic
conditions, informing economic, ecological, and computational models of multi-agent
interactions. This can be especially relevant for studies of social networks and public goods
games, where population sizes are not trivially large and strategic decisions evolve
dynamically, and can also have applications in the study of cancer development where
healthy cells are in competition with the cancer cells.

In artificial intelligen&e, the methodology has already shown promise by connecting the
stability parameters of the network with the tunable hyperparamers in Hebbian learning. A
precise understanding of learning rate effects and parameter fluctuations can guide the design
of neural architectures that avoid can more robustly adapt to changing inputs and can self-
optimize the learning rate during the learning process itself. We have also shown that the
method can have practical application in robotics where it can help us predict the trajectory
of an agent in a stochastic environment.




Methods of investigation

Diverse methods have been used while developing this study coming from different fields,
including but not limited to probability theory, mathematical analysis, linear algebra,
stochastic processes, machine learning, neural networks, theoretical physics and other related
fields.

All analytical results have been validated by comparison with computer simulations. Python
with respective libraries have been used for developing this study for the simulations of
stochastic processes and the trainings of neural networks.

Publications

All results represented in the thesis have been published in peer reviewed journals. The
results are published in 7 articles (5 were published in international journals included in the
lists of Scopus and Web of Science, and 2 were published in local journals). The complete
list of the publications is given at the end of the synopsis.

Approbation of the results

The results were presented in the “XVIII International Annual Scientific Conference of
Russian-Armenian University” and in a scientific seminar organized by Institute for
Informatics and Automation Problems of NAS RA.

Structure of the work

The thesis has an introduction, 4 chapters, conclusion and bibliography.

1. Introduction describes the models that have been studied in the thesis, main
challenges that arise during the mathematical modeling of their dynamics and the
aim of the thesis.

2. Chapter 1 introduces quasispecies models, and the work we did for solving the
cases of randomly changing fitness landscape with recombination and the mutator
model with asymmetric transitions.

3. Sections 2.1-2.4 discuss the Wright-Fisher finite population evolution model and
the work we did for estimating the fixation probability under this model for static
and randomly changing fitness landscapes.

4. Section 2.5 introduces our proposed form of moment closure approximation that
utilizes the master equation.

5. Sections 2.6-2.13 discuss our solutions to the dynamics of Wright-Fisher model
and finite population version of Crow-Kimura model. The results are discussed for
both two and three allele models, and the cases of small selective coefficients and
single peak fitness Crow-Kimura model are described separately.

6. Chapter 3 introduces out results in finite population evolution games. Both the
moment-closure approach and Hamilton-Jacobi approach for the Moran model are
discussed.

7.  Sections 4.1-4.4 describe our work done on the scope of Hebbian learning. This
part of the thesis derives the closed form solution that connects the steady-state
variance of the models parameters with the learning rate with the help of a simple
linear equation.

8. Section 4.5 the modeling of the movement of an agent in a stochastic environment
with the moment-closure approach.

Main results of the work

Each chapter the thesis focuses on a specific application domain and presents the core results
achieved. Below is a summary of the main results from the thesis:

e  Analytical Corrections for Finite Populations: One of the primary results is the
successful application of moment closure to finite population genetic models,
yielding analytical insights that go beyond classic infinite-population theories. We
begin by constructing a moment closure scheme for the Wright-Fisher model [5],
which allows us to account for finite-population sampling effects without resorting
to a full-blown stochastic treatment. First, we write down the master equation that
governs how allele frequencies change over each iteration. We introduce the
probability distribution functions P;, ; (n) having the given set of integers at n-th
moment of time.
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Here my; is the mutation probabilities from the I-th to j states, while r; are the
fitnesses. M(iy, ...ir;j1,..ji) is the final transition probability of going from the
state described by integers iy, ..., to the described by integers jy, ...j. during a
single iteration. Then, instead of trying to solve the master equation exactly, we



calculate the first two (and sometimes three) moments—namely, the mean,
variance, and skewness of the allele distribution—and approximate higher
moments in terms of these lower ones. Doing so, we get an iterative rule for the

first and second degree moments of the variables in the system.
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Where the moments are defined as
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In equation (2) we used the following forms for partial derivatives:
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These results were validated by comparison with numerical results obtained
with the help of computer simulations of the Wright-Fisher process. The
comparison with the numerical results for the 2 allele case can be found in
Figure 1 and Figure 2. The results for the 3 allele case are represented in the

thesis.

The same form of the moment closure approximation is also tested and

validated for the finite population Crow-Kimura model.
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Figure 1: Two allele Wright-Fisher model given by Egs. (1), w; = w(x) =

i(llelEM,X =i/N,u is the mutation rate to the mutant, (1 +s) is the mutant
XS

fitness. The average number of mutants Q =< i > versus the time for two allele model
with N = 100,u = 0.01,s = 0.01, numerical result and the result obtained with the

moment closure approach.
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Figure 2: Two allele Wright-Fisher model given my Egs. (1), w; = w(x) =

3(—(1—+—51):—u(1—_9,x =i/N,u is the mutation rate to the mutant, (1 +s) is the mutant
XS

fitness. The variance versus the time for two allele model with N = 100,u = 0.01,s =
0.01, the low dashed line corresponds to the second degree —moment closure
approximation, the high dashed line-to three moment approximation. The smooth line

corresponds to the numerical results obtained with the help of computer simulations.
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Figure 3: The dynamics of variance for the Prisoners Dilemma game with constant payoff
matrix (a,b,c,d) = (0.5,1.5,0,1) with w = 0.9, but different number of replicators and
initial conditions. The first plot is for N = 200,i, = 40, the second one is for N = 400,
ip = 20 with N being the number of all replicators, and iy being the initial number of
replicators with the first strategy. The solid line represents the numerical result while the
dashed line is the result obtained with the moment closure approximation.

e  Results for quasispecies models: In addition to this, we also developed and solved
evolutionary quasispecies models that incorporate mutator genes, asymmetric
mutation rates, and recombination on fluctuating fitness landscapes. We proposed a
two-state quasispecies model in which a special gene switches between a normal
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(wild-type) and a mutator allele [2], leading to different mutation rates and fitness
functions. Employing a Hamilton—Jacobi equation approach, we analytically
derived the population’s mean fitness and steady-state distribution for large
genome length. A key outcome is the emergence of a mutator phase, in which a
high-mutation allele persists and alters the system’s phase structure. We also found
an interesting phenomenon where sufficiently large genomes exhibit oscillatory
and non-smooth dynamics, indicating a transition that undermines the single-
equation approximation.

We also extended this study to include recombination and random switching in the
fitness landscape [1]. By combining Crow—Kimura-like dynamics with
recombination, we derived near-exact steady-state solutions under various
symmetry conditions, sometimes mapping the system onto a simpler effective
fitness model. We showed that recombination may raise or lower mean fitness
depending on the epistatic properties of the effective landscape: negative epistasis
favors recombination, whereas non-negative epistasis can diminish its benefit.
Derivation of Finite-Population Strategy Dynamics: In the context of
evolutionary game theory, we presented the first application of moment closure
approximation to stochastic game dynamics in finite populations. Focusing on the
Moran process (a common model for finite-population evolution of strategies,
where individuals are randomly replaced over time proportional to fitness), the
work derived second-order analytical approximations for the trajectory of game
strategy frequencies [4]. In practical terms, this means the thesis obtained iterative
equations that describe how the expected number of individuals playing each
strategy changes over time, along with how those numbers vary due to random
drift.

The equations were setting iterative rules for the first and second order moments of
the process variables at timestamp n, denoted by Q and Q,, respectively and had
the following form.
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where F(Q) and B(Q) are the probabiliti.es {)f increase and decrease in the numbers
icators of the first type respectively '
%g; r:gll;?(t)(:ls can be see;ygs a correcteq Version' of the replic‘ator. eq}tlxat}o? f.(;;
finite populations: they reduce to the classical replicator dynamics in the 1n1 1?1 3
population limit, but include additional terms (of order 1/N, where N is populatio
i ccount for stochastic fluctuations. :
;lvtzlz);?j&r?;cy of these moment-closure based equat'ions for evplutlona;y gamez v:kz:z
rigorously tested. The process was simulated using numerical metho sdarll i3
numerically estimated moments for different Paran}eters of the mo e .
compared with the moments obtained through the 1terat1ve' rule. The corrll)pa.nsc()jn i
analytical results obtained by equatior} (5) and numerical results obtained by
computer simulations is represented in Figure 3). ! g e
Analyzing Stochastic Hebbian Learning: Moving to the don}am d0 ma'c‘ E
learning, the thesis applied moment closure .to analy.ze the’l?armng. yna.rtnujst y
Oja’s rule, which is a classic model of Hebblar.l learnfng. Oja s.rule is ta;m itera “f
algorithm where a synaptic weight vector is adJusted'm Proportlon to the neuro?l S
output and input (Hebb’s principle), with a norrr'lahzatlon term that er;]surevsv h;f]
weight vector length remains constant (prevent.mg .unbounded growt )bl =
Oja’s rule is used on streaming data (inputs coming in one by one, poimh y Wi g
some noise), the update process is inherently stochastic. The main result here \Zﬁ
the derivation of a closed-form relationship linking the learning Para@eters to the
long-term behavior of the system, using a moment closure approximation.

By considering the first two moments of the weight distribution (mgmhmd
variance of the weights) and closing the system at the secor'ld moment, the t ei'ls
obtained an analytical expression for the steady-state variance of th(:: syilag 1tc
weights as a function of the learning rate and the properties of the input data

(correlation of the input features) [6].

A 1—p?
=a—gr 6
g ©)

In simpler terms, this result quantitatively de'scribes how’ “noisy” or Vanabl§ tetlle
learned weights will be after a long training time, df?p.endmg on how e‘lggresswthy
the network is learning. The analysis showed exphcn’ly that if you 1ncrffla.s§. e
learning rate in Oja’s rule, the variance of the welg}}t values 2.1t equ;n rum;
becomes larger linearly. This makes intuitive sense — a hlgh.er learmlr)lg r?he TE:nSiS
bigger jumps with each update, leading tq more fluctuation — utb e;( i

provided a precise formula for this relatlor'lshlp. The rc.esult was ac thz
simulations of Oja’s rule: the theoretical predictions of wc?lght variance ma ctc

the empirical variance observed in simulations across different learning rates,
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confirming the validity of the moment closure approach in this context. The
numerical simulations were carried out by training the model on a synthetic data
using Python programming language.
To validate the result of (6), we have created a simple experimental setup. Initially,
we set wy; = 0 and w, = 1. At each iteration, we generate a new data point from
the bi-variate Gaussian distribution. Then we train for sufficiently long iterations
until the steady state distribution is reached. We repeat this training process from
scratch 500 times, save the final weights after each training process and calculate
the variance of these 500 weights. Since the sign of the steady state solution
depends on the initial weights every time we set the same value for the weights at
the beginning. The same variance will be obtained for other initial conditions as
well, while the mean steady state value may differ in sign. Then we repeat this
same process for different learning rates to capture the relation between the final
variance of the weights and the learning rate o.
This same process is repeated for different sets of data points generated from
multivariate normal distribution with different correlation coefficients p to check
the dependence of variance on correlation found in (6). Comparisons of the
variances with the analytic values obtained in the previous section are represented
in Figure. In those figures we can see that for values of learning rate which are in
the range conventionally used in practical applications our equation (4.10) very
accurately describes the variance of the parameters of the model at the steady state
of the system after sufficiently long process of training.
Understanding the trade-off between learning speed and stability is a key insight
from the above result. The thesis highlighted that while a larger learning rate
allows the network to adapt faster to data, it also injects more randomness into the
weight updates, potentially causing the weights to bounce around a noisier
equilibrium (which could be seen as a form of instability in learning). This insight
is significant for practitioners of machine learning who use Hebbian-like learning
rules or other stochastic methods without a clear objective function.
One practical proposition emerging from this work is the idea of an adaptive
learning-rate strategy for Hebbian learning. Since the moment closure analysis
provides a way to calculate or estimate the current variance of weight changes, one
could design the learning algorithm to adjust its learning rate on the fly: if the
variance (instability) grows beyond a certain threshold, the learning rate could be
reduced to stabilize learning. Conversely, if the variance is very low (indicating
perhaps slow learning or convergence), the learning rate might be increased
slightly to speed up progress.

15
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i iently small for converging. Here 1
6) for learning rates that are sufficiently £ : .
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robustness of the result.

Analyzing the movement of an agent in a stochastic environmentf Inha?;;cllgn,
the thesis demonstrates an application of the momentfclosure T?gﬁ :; t[ 76]‘, e th}ifs
i hmark in reinforcement 1¢ ;
dworld problem, a well-known benc! el (7 i
gllvironmelr)lt an agent navigates a grid where “wind exerts a stochastl.c n}ﬂtzzr(;zd
on its move;nents causing random drifts that deviate the aient lfro.r?y 1t's Temems
i 2 ition distribution and velocity 1nc
h. By formulating the agent’s post i !
?k?rtoughythe master equation framework, the moment closure zg)proiqtr'lit’lon };}i(i:
j i i - atistics.
i i trajectories and higher-order s
efficient estimates of both mean . . gt
i i inst simulation data, showing tha
analytical results are validated agains . : i
appr};)tximations can capture critical features of the environment’s randomness m
accurately than simple first-order or detertr‘mmitlc m‘c:vcilrelhs).l i e i
T : s samiiat g i
The implications for robotics are signi 4 : i
model I;he type of stochastic disturbances common to real worlcrllc1 r?(l))é)()ts
applications——such as aerial drones subject to sudden gusts or grou
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navigating uneven terrain. Employing a moment closure approach enables one to
calculate closed-form updates for positions, velocities, or control signals without
extensive sampling.

In addition to estimating the dynamics of the second moment (variance) with the
help of the moment-closure technique, we also validated that the usage of the
second moment in the equations also significantly improves the estimation of the
first moment yielded by the first order approximation. This is an important result,
further indicating that including higher order terms in the closed set of equations

also improves the accuracy of the estimation of lower order moments. See Table 1
for the comparison.

1st degree 2nd degree
N Dsteps S SRV
approximation MAE approximation MAE
3 18 6.79%107° 4.01%107*
4 24 7.67%107° 5.11*107*
5 30 7.43%107 4.05*107*
10 60 8.41¥107° 4.74%107*
20 120 8.30%107° 8.08%10~*
50 300 8.59%10°° 1.11*107
100 600 9.00%107 9.11*107*

Table 1: Here for different values of N (size of the grid in of the stochastic
environment) Mean Absolute Errors for first and second degree approximations are
compared with one another. As can be seen, second degree approximation significantly

outperforms the first degree approximation across different scales of N.
Conclusion

In conclusion, the thesis "Moment Closure Approximation and its Applications in Machine
Learning and Evolution" brings forward a unifying framework to address complexity in
systems across biology and artificial intelligence. The moment closure approximation, as
developed and applied in this work, proved to be a powerful tool for deriving analytical
insights into stochastic processes that were previously tractable only via computer simulation
or not at all. By achieving the aims — from evolutionary genetics models to game-theoretic

dynamics and neural learning rules — the research demonstrated that a single mathematical
approach can illuminate diverse phenomena.

One of the common threads linking the findings is that finite-size and randomness matter
greatly in real systems, and that we can account for them in a systematic way. In
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evolutionary theory, the work shows how finite populations deviate from ideal infinite ones,
quantifying those deviations and enriching evolutionary predictions. In evolutionary game
theory, it highlights how chance can tip the balance of strategy competitions, providing tools
to calculate those odds. In machine learning, it reveals how the parameters of a learning
process influence stability, offering a way to balance learning speed and reliability. Together,
these results not only solve specific problems in their respective fields but also collectively
expand our methodological toolkit for scientific inquiry. Crucially, the thesis underscores an
important insight: mathematical techniques developed in one domain (like moment closure in
chemical models) can be adapted to seemingly unrelated domains (like population genetics,
game theory and neural networks) to great effect. Such cross-pollination of ideas is
increasingly important in modern science, where complex systems research, data science,
biology, and Al often intersect. The findings of this work encourage a more integrated view
of complex system analysis. By bridging theoretical gaps between fields, the thesis opens the
way for future research to build on its moment closure methods — whether that means
exploring new evolutionary scenarios (e.g. co-evolution, epidemiological models), new
game-theoretic models (networked games, fluctuating environments), Or new machine
learning algorithms (reinforcement learning dynamics, adaptive systems).

In summary, this work is significant both for the specific results it delivers and for the
broader perspective it provides. Tt demonstrates that moment closure approximation can be a
cornerstone technique for analyzing and understanding the behavior of stochastic systems
without needing infinite models or exhaustive simulations. The practical implications range
from more accurate evolutionary computations to more stable learning algorithms. By tying
together the fields of evolution and machine learning through a common analytical approach,
the thesis contributes to a vision of science where universal principles and tools help unravel
the complexity of the natural and artificial worlds.
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3ak/ioueHne
Bapuansia Drap Apaceut

Hpnﬁ.rxmxelme 3aMBbIKAHHS MOMEHTOB M €ro NPUIOKCHHsI B MalIMHHOM Oﬁy'-lel-llfll/l u
IBOJIIOINH

) JyccepTalld  IIPECTABIEH CIMHBIA TOJXOH, OCHOBAaHHBIH Ha METOJE 3aMbIKaHM:
OMEHTOB, TO3BOJISIONIHN TPOBOMTH AHATMTAMECKHI aHAM3 CIOKHBIX CTOXACTHICCKHIX
JcTeM B 0OMACTSX OBOJIONUMOHHOM OHMOJIOTMM M HWCKYCCTBEHHOTO HMHTCIUICKTA. Merog,
ermaeT 3a7ady TIOMyYCHAs aHATMTHEECKAX PEIICHAH IS [IPOTECCOB, PaHee TpeGOBaBIIHX
[PETIONIOKEHMH 0 GECKOHEUHO GONBINHMX MOMYNSIHAX HIH MACIITa0HBIX KOMITBIOTEPHBIX
My tstrit. [IpAMEHss 3aMBIKAHAES MOMEHTOB B Pa3ITHIHEIX 06TacTAX — TAKAX KaK TEHETHKA
OHEUHBIX MOy ISIIIHH, SBOJIOLHOHHEIE HIPbl, XcO00BCKOE 00yueHre B HEHPOHHBIX CETIX
TOXACTHUCCKAS HABUTALWS arcHTOB — paboTa CBS3BIBACT TCOPETMHCCKME MOJEIM C©
JeATBHOM M3MEHIMBOCTEIO. Jl¥iccepTalysl MOKA3bIBAET, UTO G/(MHAs MaTeMaTHeckas CxeMa
OKeT yUMTEIBATE 3((EKTH KOHEHTHOTO pasMepa CHCTCMBL 1 ciydaiinsie IyKTyanum,
GecrieurBas YIyHIIEHHBIE IIPOTHO3b IBOTIOLMOHHOM IMHAMUKA U KPUTEPUI YCTOMYMBOCTH
ISl ANTOPUTMOB OOYHIEHMSL.

naBHoii 3amaueil paGoTHl GBUIO Pa3spaGoTaTh M MPUMEHWTH YHMBEPCATBHYIO METOLUKY
JAMBIKAHVS MOMEHTOB IS aHATM3a CTOXACTUYECKUX JIMHAMMHYCCKUX CHCTCM. KonkpeTHbIE
[IEJIM BKITIOUAIIM:

Co37iaHie YHUBEPCATBHOTO MOJX0/A 3aMBIKAHMS MOMEHTOB I IBOIOLMOHHAIX
Mojeneil KOHEYHBIX HOTTYJISIIAH.

BhiBefcHWE M UHCICHHOE [IOJTBEKCHMC TOMPABOK K KIACCHICCKIM
JCTCPMAHMCTCKAM ~ MOJEJAM,  CBS3BIBAIONIMM  JMHAMMKY  KOHCHUHBIX "
GeCKOHEUHBIX MOMYJIAIAMN.

PacipocTpaHeHHe METOJa HA JBOJIONMOHHYIO TCOPHMIO MID C yIETOM BIIMSHUS
CITyHaifHOCTH B KOHETHBIX TTOTTYIIIHAX.

TIprMeHeHre NOAX0/a K 3aadaM MAIHHOTO 06yuenns (Xeb0oBckoe 06yIeHHE)
JUTSl AHATH3A CBSISH MAPAMETPOB OOYUeHHs € JONTOCPOTHOH YCTOHHIMBOCTBIO U
CXOMMOCTBIO MOJIETIEH.

JleMOHCTpaIys MEXIMCHUIUMHAPHOTO TOTCHINANA MCTOA HA MpUMEpax 3a1ad
HBOJIIOIIH U VICKYCCTBEHHOIO MHTEIUIEKTA.

Jlmccepranyst HOydacT Pesy IbTaThl B PasIHIHBIX obmacTsx:

HonyasiuonHasi TeHeTHka: MeTol 3aMBIKAHIS  MOMEHTOB NpUMEHEH K
FEHETMUCCKAM MOJIENAIM KOHEHUHBIX MOy (Hampumep, MOJIenn Paiita—
@umepa ¥ KOHEYHONOMYJISIMOHHON  MOZEIH Kpoy—Kumyper). TlomyteHsl
apanuTraeckue GOpMyYITBI I TMHAMUKH aIIENbHBIX JacTOT (cpemHee 3HAUEHUE U
JWCIEpCHs), KOTOPBIE KOJNMHYECTBEHHO —ONMCHIBAIOT ~ OTKIOHCHMS peabHBIX
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